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1. INTRODUCTION. 
The analysis of qualitative relations in economics has been originated by 
Samuelson in 1947. This analysis, usually called qualitative calculus, deals 
with models in which the relations between variables are analysed in a quali-
tative way, i.e. when Information on the sign of the impact on some response 
variable is obtained from prior knowledge concerning the signs of the struc-
tural parameters in a model. In other words, only qualitative information 
about the directional relationships between variables in a model-represented 
by a positive (+), negative (-) or zero (0) impact - is used without quanti-
tative information about the values of the variables. A zero impact denotes 
then absence of a prior theoretical relationship between a pair of variables. 
There are at least two main reasons for the development of qualitative calcu-
lus and its treatment of qualitative information: 
-"Ordinarily, the economist is not in possession of exact quantitative knowl-
edge of the partial derivatives of his equilibrium conditions" (Samuel-
son, 1947,p. 26) , because of the limited amount of suitable quantitative 
data. 
- The qualitative information about the various impacts may have a more solid 
empirical basis than the functional model structure (or model specifica-
tion). 
The main developments in the field of qualitative calculus took place in 
mathematics (see among others, Greenberg and Maybee,1981; Maybee, 1980; 
Maybee and Quirk, 1969), economics (see among others, Lady,1983; Lancaster, 
1962; Ritschard, 1983) and ecology (Jeffries, 1974). 
The first aim of the present paper is to provide a concise introduction to 
sign-solvability analysis of a model represented by a structural relationship 
h(x,y)= 0 (see section 2). The structural relations encompass a vector y of 
endogenous variables and a vector x of exogenous variables. The information 
about the model (called the qualitative structure of the model) consists of 
two elements, viz.: 
-the causal structure determined by the first order derivatives of h(x,y)=Q 
with respect to variables x and y. 
-the sign of the non-zero elements of the matrix of first order derivatives. 
Consider now a set of linear equations Ax=b. Both matrix A and vector b 
- 2 -
contain qualitative information with elements +/- or 0. The set of equations 
can be solved for the unknown vector x, given matrix A and vector b. This 
system is called full sign-solvable when the cell-entries of the solution 
x = A_1b (with elements +/ - or 0) are defined in a unique way. In the past 
years necessary and sufficiënt conditions for full sign-solvability have been 
formulated in the literature (see, for example, Bassett et al.,1968). 
These conditions can also be interpreted in a graph theoretical way by means 
of signed directed graphs (or, shortly digraphs) (see for example, Maybee and 
Greenberg, 1969). 
One of the major problems in practical applications with purely qualitative 
information is caused by the severe restrictions inherent in identifying 
unambiguous solutions for the full sign-solvability problem. In regard to 
this, additional information measured on an ordinal or cardial scale may lead 
to either partial of full sign-solvable systems which are otherwise not solv-
able in a purely qualitative sense. Therefore, the second aim of the paper is 
an analysis of sign-solvability with mixed levels of information. Various 
matrix decomposition and permutation methods have recently been developed in 
the context of large and complex economie systems (see for a discussion, 
Greenberg and Maybee, 1981). It will be shown that the approach with matrix 
permutations is also fruitfui for mixed problems. 
Finally, the analysis of qualitative relations both with purely qualitative 
information and mixed levels of information will be illustrated by means of 
Klein's well-known simple econometrie model for the USA. 
2. SIGN-SOLVABILITY ANALYSIS. 
Consider an economie model represented by n structural relations h(x,y)-0 
with y a vector of endogenous variables and x a vector of exogenous varia-
bles. The structural relation may be static or dynamic with either linear or 
non-linear components. The analysis of sign-solvability means the identifi-
cation of changes in endogenous varibles in a qualitative way (+,-,0) due to 
changes in exogenous variables. This can in principle be obtained by totally 
differentiating the above mentioned system: 
}§ dx
 + || dy = 0 (1) 
or, equivalently: 
dx 
3h/9x 
" 3h/3y (2) 
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The right-hand side of formula (2) consists of two parts, viz. the inverse of 
3h/3y and its multiplication with 8h/3x. When both steps are uniquely deter-
mined in a qualitative way, formula (2) is called sign-solvable. 
A set of linear equations,as a specific example of the above mentioned struc-
tural relations, can be written in matrix notation ass 
Ax = -b (3) 
with A a matrix of order nxn with elements a. . (i,j=1,..,n) while both x 
and b are vectors of order nx1. The solution of (3) is given by: 
x= -A-1b, (4) 
provided matrix A is non-singular. 
Assume matrix A and vector b contain qualitative information concerning the 
signs of the cell-entries. Equation (3) is called full sign-solvable if the 
signs of the elements of vector x in (4) can be identified in a unique way. 
Full sign-solvability holds if and only if both the inverse of matrix A and 
its multiplication with vector b are determined uniquely. A number of matrix 
operations have no consequences for the analysis of full sign-solvability 
(see also Lancaster, 1962), viz.: 
(1) permutation of any two rows of both matrix A and vector b. This operation 
only changes the order in which the equations are written. 
(2) permutation of any two columns of either matrix A or vector b. This ope-
ration only changes the order of the variables. 
(3) reversement of all signs in any row of both A and b. This operation mul-
tiplies both sides of an equation by a factor -1. 
(4) reversement of all signs in any column of either A or b. This operation 
multiplies a variable by -1. 
The row and column manipulations (1), (2) and (3) can be carried out without 
affecting the solution vector, while the final operation implies the sign-
reversement of a particular variable. 
Necessary and sufficiënt conditions for full sign-solvability of (3), with A 
non-singular, have been formulated by Bassett et al., 1968. The conditions 
make use of graph theoretic methods, with impacts between variables repre-
sented by signed digraphs (directed graphs with either a positive or a nega-
tive sign). System (3) is full sign-solvable if and only if the following 
conditions hold. 
(a) the diagonal elements of A be all negative, i.e. a.. <^ 0 for all i. 
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(b) if ix* i2 *...* ik (k>1) then 
aii-j aiii2 aik3 <0" 
This means all cycles in the matrix A of length at the least two are 
nonpositive. 
(c) b < 0. 
(d) if bfc ^ 0 , then every path i •*• k is nonnegative for i*k. 
Conditions (a) and (b) are necessary and sufficiënt to determine the inverse 
of the matrix A in a unique way, while conditions (c) and (d) guarantee a 
unique sign of the cell-entries fram A-1 b. 
Consider for example the following set of linear equations with qualitative 
Information: 
- + - xx 0 
x2 = -
+ 0 - x3 0 
The graph representation of this system with elements (A,-b) is given in 
figure 1. 
Figure 1. A graph theoretic representation of a qualitative model. 
All conditions for full sign-solvability hold in this example and the solu-
tion (4) becomes: 
— — v 
. ""* 
x l - - + 0 + 
x 2 = + - 0 - = + 
x 3 _ _ _ 0 + 
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The variables x 1 #x 2 and x, become positive, given the model structure repre-
sented by matrix A and vector b. 
Other applications of sign-solvability (in the field of, for example, region-
al economie and macro-economie modeling) as well as further theoretical dis-
cussions (i.e., block recursive matrix decomposition procedures) can be found 
in, among others, Brouwer and Nijkamp, 1983; Lady, 1983; Lancaster , 1962; 
Maybee and Quirk, 1969; Ritschard, 1980; Voogd, 1983. A matrix decomposition 
procedure with mixed levels of information will be discussed in section 4. 
This approach may lead to partial sign-solvable results. 
In the following section we will discuss sign-solvability with mixed levels 
of information from model parameters, viz. when one or more equations are 
exactly quantified by means of some estimation procedure and the parameters 
of the other equations are known up to their signs because of prior informa-
tion. 
3. SIGN - SOLVABILITY AND MIXED INFORMATION. 
The conditions for full sign-solvability have been illustrated in the previ-
ous section by means of a static model with a simple structure. The condi-
tions for sign-solvability with a dynamic economie model will be analyzed in 
this section, with special emphasis on the conditions which frequently do not 
hold in practical applications. Condition (a) of sign-solvability holds for a 
nonsingular matrix A when the four row and column operations from above which 
do not affect the conditions of sign-solvability have been carried out. The 
second condition, viz. all cycles with a length of at least two are nonposi-
tive, is a very severe restriction. 
The conditions for sign-solvability will be discussed by means of a dynamic 
model developed by Klein (1950). This model has the following structure: 
( i ) C = ct0 + otj II + <x2 Jl_l + a3(W1 + W2) + u c 
( Ü ) i = e0 + 3xn + 32n_1 + e3 K_X + ux 
( i i i ) Wx= Y0 + YjtY + T - W2) + Y 2 ( * + T - W 2 ) _ 1 + Y 3 ( t - 1 9 3 1 ) + u w 
( i v ) Y + T = C + I + G 
(v) Y = n + wx + W2 
( v i ) K » K_1 + I 
Equations (i) to (iii) are behavioral equations, with disturbance terms uc, 
Uj and u w, respectively, while the remaining ones are identities. 
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The endogenous variables represent consumption (C), investments (I), private 
wages (W^), profits (II), national income (Y), and capital stock (K). We will 
now analyse the sign-solvability of the reduced form equations of the Klein-
model, given the assumption that a priori purely qualitative information and 
a mixture of qualitative and cardinally measured information were available. 
When the endogenous variables are expressed in matrix form in terms of lagged 
endogenous variables , exogeneous variables and error terms, we have: 
«3 - a x 0 0 c 0 0 0 ct2 0 0 c • l 
0 -&1 o 0 I o o o e 2 o e3 I e 2 
1 0 - Y l 0 w l = 0 0 0 0 Y 2 0 w l + e 3 
0 0 1 0 n 0 0 0 0 0 0 n e
-
1 - 1 1 0 y 0 0 0 0 0 0 Y e 5 
0 0 0 1 K 0 0 0 0 0 1 K e 6 
— t t - 1 — t 
or: Axt = Bxfc_1 + et (5) 
with both A and B matrices of order 6 x 6 representing impacts between endog-
enous variables, x-t the vector of endogenous variables in period t, and 
et the vector of exogenous variables and error terms. 
Sign-solvability will now be discussed in regard to endogenous variables in 
terms of lagged endogenous variables without emphasis on exogenous variables. 
The above mentioned econometrie model has been estimated for the United 
States (see also Klein, 1950). The ( cardinal) parameter estimates lead to 
the following modeling results: 
C = 16.8 + 0.02Ü + 0.23ÏÏ..J + 0.80 (Wx + W2) 
I = 17.8 + 0.23II + 0.55II_1 - 0.15K_X 
WL= 1.6 + 0.42(Y+T-W2) + 0.16{Y+H-Vlz)„l + 0.13(t-1931) . 
In the following the endogenous variables are exclusively expressed in matrix 
form in terms of the lagged endogenous variables. 
Some row and column operations discussed in section 2, which do not affect 
the conditions for f uil sign-solvability in (5), are applied to this model. 
Columns 4 and 5 are interchanged , while next columns 1,2,3,4, and 6 of ma-
trix A are multiplied by -1. These column operations, which change the order 
of variables 4 and 5 and mul tip ly variables 1,2,3,4, and 6 by -1, are neces-
sary for condition (a) of the sign-solvability analysis. When we now assume 
that a priori we would only have information about the signs of the structure 
parameters, we have the following graph structure of the matrices A and B 
(after the above mentioned column operations). 
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Figure 2. Graph representation of the Klein model. 
The variables 1 to 6 in figure 2 correspond to the columns of the matrix -B 
and represent the signs of the lagged endogenous variables. The matrix A, 
corresponding to this graph structure, is nonsingular. Condition (a) for 
fuil sign-solvability, viz. all diagonal elements of the matrix A being nega-
tive, holds for all variables after the column operations mentioned above. 
Condition (b) is needed in order to determine the matrix inversion in a u-
nique way: all cycles of length of at least two have to be nonpositive. The 
latter condition can easily be checked, because cycles W.-Y-C-W1 and Y-I-ü-Y 
are both positive. Consequently, the matrix inversion of A does not lead to 
uniquely defined signs of the cell-entries. For this reason, the Klein model 
is not full sign-solvable , given the above mentioned prior signs of parame-
ters (all parameters positive, except g3 which is negative). This is not a 
misqualification of the Klein model itself, but merely a characteristic of 
such type of dynamic models. 
Now it is interesting to explore a situation for which at least some cardinal 
information on parameters is available, obtained by means of an estimation 
procedure for one or more of the equations. The specific estimation procedure 
will not be discussed here further, because it is described extensively in 
Klein, 1950. Sign-solvability problems with mixed levels of information 
about the parameters may emerge if, for instance, only one or a few equations 
of a model are empirically estimated, while the information about the other 
parameters is only qualitative in nature (e.g., based on prior information). 
Such analyses become especially useful when only limited information about 
the impacts between variables is available in a quantitative way and the 
model is not estimated in a simultaneous way. Economie models like the Klein 
model which are not sign-solvable with purely qualitative information may 
become sign-solvable for a mixture of qualitative and cardinal parameter 
information. 
- 8 -
Such mixed sign- solvability problems can be analyzed from two viewpoints, 
viz. a bottom-up and a top-down approach. The top-down (or forward selection) 
approach implies that all equations are assumed to be represented in qualita-
tive terms, so that we then may identify which and how many equations have to 
be estimated in a cardinal sense in order to make the system as a whole fully 
sign- solvable. The bottom- up (or backward elimination) approach begins with 
a fully estimated (cardinal) model and attempts next to identify which and 
how many equations may be specified in qualitative terms in order to still 
guarantee sign- solvability. We will now give special attention to the ensu-
ing minimum and maximum level of cardinal information, necessary to obtain 
sign-solvable modeling results. First, two illustrations of this analysis 
approach are given in the following which will be generalized afterwards. 
Consider for example, a top- down approach for a mixed measurement level for 
the parameters from Klein's model, with only the consumption equation being 
cardinally estimated : 
0^= 0 .02 B r + Y i = + 
a 2 = 0 .23 e2= + Y2= + 
a 3 = 0 .80 e 3 = -
The only metric restrictions put on the parameters g and y are that they are 
less than one in absolute value. The reduced form equations, which are deter-
mined by rewriting formula (5) with endogenous variables in terms of lagged 
endogenous variables as: 
Axt = A - 1B Axt_i (6) 
then become: 
AC 
AI 
AW 
Aïï 
AY 
AK 
->t 
0 0 0? + -
0 0 0 + 
0 0 0 + + -
0 0 0 + 
0 0 0 + ?-
0 0 0 + - ? 
AC 
Al 
AWX 
An 
AY 
AK 
-»t-1 
In this case, only cell-entries (1,4), 5,5) and (6,6) have an undeterminate 
sign (denoted as ?)• Additional cardinal information would be necessary to 
obtain insight into the signs of these cell-entries. The lagged endogenous 
wariables II, Y and K have either a positive or a negative effect on the econ-
omie variables. 
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When we consider for example the first equation, one may conclude that the 
change in consumption during period t is determined by changes from variables 
Ü,Y and K in period t-1/ viz II with an undeterminate effect/ Y with a posi-
tive effect and K with a negative effect. On the other hand, changes in the 
endogenous variables C, I and W^ during period t-1 have no effect on the 
change of the endogenous variables during period t, conditional to this redu-
ced form model structure. 
We may conclude that cardinal information about the values of the parameters 
a, , cu and ou determine the signs of the cell-entries from matrix A-1B up to 
three cell elements. If, however, this mixed sign-solvability problem of an 
economie model would have been studied under the assumption that the values 
of the 3 parameters were quantified by means of an estimation procedure, 
given prior information on the signs of the other parameters, the reduced form 
equations would lead to the following result: 
AC 
AI 
AWX 
Aïï 
AY 
AK 
-'t 
0 0 0 ? ? + 
0 0 0 ? - ? 
0 0 0 + ?-
0 0 0 + 
0 0 0 + ?-
0 0 0 ? - ? 
AC 
AI 
AWj 
An 
AY 
AK 
-Jt-1 
In this case, even eight cell- entries are unknown regarding their signs. 
This is caused by the severe restrictions implied by condition (b) for sign-
solvability. The model structure strongly restricts the condition that all 
cycles of length of at least two have to be nonpositive. 
The sign-solvability results for different combinations of cardinally estima-
ted model parameters are summarized in Table 1. We have already noted in 
section 2 that the analysis of sign solvability consists of two steps, viz. 
the determination of the inverse of matrix A and the multiplication of this 
inverse with matrix B. These two steps are also presented in Table 1. The 
first column represents the number of undeterminate signs of the cell-entries 
from the inverse of matrix A, denoted into the second column. The third col-
umn indicates the number of undeterminate cell-elements of the matrix A_1B, 
the cell- entries themselves being included in the final column. 
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Matrix inverse Matrix multiplication A-1B 
number cell-entries number cell-entries 
ctj, a2, a3 1 (5,3). 3 d,4)i(5,5);(6,6). 
Bj / &2' <*3 5 (1,3);(2,2);(3,3); 
(5,3)1(6,2). 
8 (1,4);(1,5);(2,4);(2,6); 
(3,5);(5,5);(6,4);(6,6). 
V "f 2 5 (1,3);(2,2);(3,3); 
(5,3);(6,2). 
8 (1,4);(1,5);(2,4);(2,6); 
(3,5);(5,5);(6,4);(6,6). 
04, a2, a3, h> B2, B3 - invertible 2 (1,4);(6,6). 
a^, a2' a 3 ' V ^2 1 (5,3). 3 (1,4)7(5,5)?(6,6). 
Bl' B 2 ' V *1' ^2 3 (2,2);(3,3)i(5,3). 6 (1,4)7(2,4)7(2,6)7(3,5)7 
(5,5)7(6,6). 
Table 1. Mixed levels of information and sign-solvability with Klein's model. 
The minimum level of cardinal information, necessary to determine the inverse 
of matrix A, appears to be the estimation of the parameters et and 3, with two 
undeterminate signs of the cell-elements for A-1B. This is due to the severe 
restriction of condition (d). 
Sign-solvability with mixed levels of information has been analysed in a 
stepwise way in Table 1, viz. a stepwise selection procedure of quantified 
parameters with a top- down selection approach. 
We can conclude from the results of table 1 that it is impossible to obtain 
sign-solvable results with the reduced form equations of Klein's model by 
means of mixed levels of information. A selection procedure for metric para-
meters in order to arrive at a sign-solvable economie model in this example 
does not exist. The reduced form parameters are only determined up to their 
sign in a unique way when all behavior equations are exactly quantified (i.e. 
cardinally estimated). 
Prior information on the signs of all parameters in one or more equations 
would not guarantee sign- solvability for the whole model. 
The opposite approach to a stepwise selection based on a backward elimination 
(the bottom-up strategy) takes the cardinally estimated model as the starting 
point of the analysis. This approach may also be based on an examination of 
all possible combinations (see Table 1). Note that the use of these two al-
ternative approaches ( backward elemination or forward selection ) will not 
necessarily lead to an Identification of the same set of equations satisfying 
sign- solvability. Consider for example row 1 (with parameters a metric ) or 
row 5 (with parameters a and y metric). 
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Both examples have the same unknown cell-entries and the metric parameters Yi 
and Y2 ^° n o t a ^ any qualitative information for the sign-solvability analy-
sis. For that reason we prefer the top- down selection approach with step-
wise selection and with all parameters in the basic model known up to their 
sign. 
4. POSSIBLE RESEARCH DIRECTIONS. 
Some new research directions in the field of mixed qualitative calculus (es-
pecilally sign-solvability of a structural economie model) will be discussed 
in this final section. 
A number of matrix decomposition and matrix permutation procedures have re-
cently been developed in the field of mathematics (see also Maybee, 1981). 
The matrix A from formula (5) can be transformed into a matrix A* by means of 
a permutation matrix P, viz.: 
A* = PAPT (7) 
The matrix A is called reducible if there exists a matrix P such that 
A*= All A12 
*22 
(8) 
with both matrix A. . and A-„ squared matrices, and 0 a zero-matrix. If no 
such matrix P exists, matrix A is called irreducible. 
If matrix A is reducible, the sign-solvability problem can be dealt with in 
two stepsJ 
A l l A 1 2 x l c l 
0 A 2 2 x 2 — c 2 
(9) 
or: 
and: 
Lllxl + A12x2 = cl (10a) 
(10b) 
The necessary and sufficiënt conditions for sign-solvability can be analysed 
for the vector x_ in the first step, while the vector x , defined by equation 
(10a), is defined afterwards. When matrix A22/ considered to be nonsingular, 
as well as the vector c2 contain metric information, the vector x2 can be 
solved in a unique way. 
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Partial sign-solvability with reducible matrices can be obtained in an analo-
gous way for mixed measurement levels of information by means of the matrix 
decomposition procedures indicated above. Irrespective of whether vector x, 
is sign-solvable, vector x2 may be sign-solvable with mixed levels of infor-
mation, as can be analysed by means of a top- down selection approach. 
Matrix A with structure elements from the Klein model illustrated in the 
previous section is not reducible/ so that sign-solvability cannot be applied 
by means of the matrix permutation procedures in this specific economie model 
structure• 
A FORTRAN computer algorithm to solve qualitative linear systems by means of 
a block recursive decomposition procedure has been operationalised at the 
university of Geneva by Ritschard (1980). The procedure however may become 
problematic especially in case of complex, dynamic economie models because of 
computational reasons. 
Furthermore, a serious disadvantage of a decomposition approach like one in 
(10a) and (10b) is the necessity of matrices A ,i=1,...,n to be 
li 
squared. The sign-solvability becomes problematic in the inversion procedures 
when the matrices A. . from formula (9) are not squared. In this regard, 
the potential of a generalized inverse has to be further examined. 
Altogether, we may terminate this paper with paper with the following conclu-
ding statements. 
Qualitative calculus can be regarded as a method to solve either static or 
dynamic models with qualitative information about the impacts between varia-
bles. Sign-solvability is a major issue in economie modeling in case of non-
metric information regarding parameters. 
The necessary and sufficiënt conditions for full sign-solvability appear to 
be rather restricted, especially for complex structured economie models which 
contain dynamic components. These conditions do apparently hold for the Klein 
model. 
If a mixture of qualitative and quantitative information about the impact 
between variables is available, a stepwise selection procedure has to be 
employed in order to obtain solutions for the sign- solvability problem in 
either dynamic or static economie models. A top- down selection procedure 
starting with purely qualitative information in the basic model is then pre-
ferred. In relation to efficiënt decomposition procedures and the notion of 
non-squared matrices A. . / research in sign-solvability may be a useful 
tooi for the analysis of economie models with mixed qualitative - metric 
information. 
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